Let D be a division ring with center F and the multiplicative group D * . Our main purpose in this paper is to investigate the subgroup structure of an arbitrary subnormal subgroup G of D * . In particular, we prove that if D is locally finite, then G contains a noncyclic free subgroup. The structure of maximal subgroups of G is also investigated. The new obtained results carry over some previous results about maximal subgroups of D * to maximal subgroups of an arbitrary subnormal subgroup G of D * .
Introduction
Let D be a division ring with center F and D * be the multiplicative group of D. The subgroup structure of D * is one of subjects which attract the attention of many authors for last time. A particular interest is that to study maximal subgroups of D * , see for example, [1] , [2] , [4] , [8] , [14] , [21] . In this paper we replace D * by its arbitrary subnormal subgroup G and we study the subgroup structure of G. Recall that in [1] , [4] , [21] , Akbari et al. and Mahdavi-Hezavehi study maximal subgroups of D * and many nice properties of such subgroups were obtained. In the present paper, studying maximal subgroups of G, we get in many cases the similar results for these subgroups as the results obtained in [1] , [4] , [21] ... for maximal subgroups of D * . Other problem we study is the problem of the existence of noncyclic free groups in a subnormal subgroups of a division ring. This problem plays an important role for the understanding of the structure of division rings. For more information we refer to the works [5] - [7] , [16] - [18] , and [25] . Section 4 is devoted to this problem and the new result we get in Theorem 4.4 gives the affirmative answer to Conjecture 2 from [7] for the case of locally finite division rings.
In Section 2, we give some generalization of the well-known Wedderburn's Factorization theorem about polynomials over division rings. This generalization and its corollaries will be used as important tools for our study in the next sections of the paper. In the last part of this section, as some illustration, we use them to generalize some previous results by Mahdavi-Hezavehi et al. in [19] .
Section 3 is devoted to the study of maximal subgroups of a subnormal subgroup G of D * . Firstly, we consider the case when a maximal subgroup M of G contains some non-central F Celement. The properties obtained in Theorem 3.5 are principal tools for our study in the next parts of the paper. Also, in Theorem 3.7, we give a perfect description of the structure of D when M is metabelian. In Section 5, we concentrate our study to the particular case when M is a maximal subgroup of D * . The results we get are generalizations of the result by Akbari et al. in [1, Theorem 6] and the result by B. X. Hai and N. V. Thin in [8, Theorem 3.2] . More exactly, we replace the condition of algebraicity of M in [1, Theorem 6] and the condition of algebraicity of D in [8, Theorem 3.2] by the weaker condition of algebraicity of derived subgroup M ′ and the obtained results are the same. We refer to [2] , [10] , and [14] for more information about the existence of maximal subgroups in division rings.
Throughout this paper, for a ring R, the symbol R * denotes the group of all units in R. For a non-empty subset S of D, we denote by F [S] and F (S) the subring and the division subring of D respectively, generated by the set F ∪ S, where F = Z(D) is the center of D. We say that a subgroup G of D * is absolutely irreducible if F [G] = D. Given a group G, a subset S and a subgroup H of G, we denote by Z(G), G ′ , C G (S) and H G = x∈G xHx −1 the center of G, the derived group of G, the centralizer of S in G and the core of H in G respectively. If x ∈ G and H is a subgroup of G, then we denote by x H the set of all elements x h = hxh −1 , h ∈ H. If x G is finite, then we say that x is an F C-element of G. The set of all F C-elements of G is called the
We say that an element x ∈ D is radical over F if there exists a positive integer n(x) depending on x such that x n(x) ∈ F . A non-empty subset S of D is radical over F if every element of S is radical over F . We write H ≤ G and H < G if H is a subgroup and proper subgroup of G respectively. All other notation and symbols in this paper are standard and one can find, for example, in [15] , [22] , [23] , [26] , [27] .
2 Algebraicity over a division subring and the generalization of Wedderburn's Factorization theorem Let D be a division ring with center F , and let A be a conjugacy class of D which is algebraic over F with minimal polynomial f (t) ∈ F [t] of degree n. Then, there exist a 1 , . . . , a n ∈ A such that
This factorization theorem due to Wedderburn (see [15, (16.9) , p. 265]) plays an important role in the theory of polynomials over a division ring and its applications in different problems are well-known. In this section, firstly we consider the similar question in more general circumstance in order to get the analogous theorem which could be used to generalize some previous results of other authors about subgroups in division rings.
Let K ⊆ D be division rings and α ∈ D. We say that α is (right) algebraic over K if there exists some nonzero polynomial f (t) ∈ K[t] having α as a right root. A monic polynomial from K[t] with smallest degree having α as a right root is called a minimal polynomial of α over K. Throughout this paper we consider only right roots and right algebraicity, so we shall always omit the prefix "right". The minimal polynomial of α over K is unique, but it may not be irreducible as the following example shows:
Let H be the division ring of real quaternions. Then,
Proof. Since D * ≤ M , K is contained in the center of D and K(x) is a field. Taking b = N K(x)/K (x), by Theorem 2.2 we have b = x r1 · · · x rn , with r 1 , . . . , r n ∈ M . We can write b in the following form:
Putting c −1
we have c
as it was required to prove.
This corollary can be reformulated in the following form which should be convenient in some cases of its application in the next sections. 
We can write b in the following form:
In view of Corollary 2.4, the following fact is evident. 
For the illustration of the use of the generalization of Wedderburn's Factorization theorem, we are now ready to get the following result, which can be considered as a generalization of Theorem 1 in [19] . (ii) Either H is algebraic over the prime subfield Z p or there exists an element c ∈ [M,
Proof. The proof of this theorem is similar to the proof of Theorem 1 in [19] . To get the proof of our theorem, it suffices to replace the use of Skolem-Noether theorem and Lemma A in the proof of Theorem 1 in [19] by the use of Corollary 2.3 and Corollary 2.4 respectively.
Maximal subgroups of subnormal subgroups
The main purpose in this section is to describe the structure of maximal subgroups in an arbitrary subnormal subgroup of D * and show their influence to the whole structure of D. In the first, we prove the following useful lemmas we need for further study. 
Then, K is a finite dimensional vector space over E and this implies that K is a division ring. Clearly, E ⊆ Z(K), so we have [K : [20, Theorem 1] , N is abelian and, consequently M is abelian, a contradiction. This completes our proof.
It is well-known that the conjugacy class of a non-central element in D has the same cardinality with D (see, for example, [23, 14.2.2, p. 429] ). This fact can be generalized by the following theorem which should be useful for the next study.
Theorem 3.4. If D is a division ring with center F and G is a non-central subnormal subgroup of
, by Stuth's theorem it follows that
Using Theorem 3.4, in the following we show the role of an F C-element in maximal subgroups of a subnormal subgroup of D * . The results obtained in this theorem will be used as principal tools in the proofs of next theorems. 
(ii) K * ∩ G is the F C-center and also the Fitting subgroup of M .
Proof. First, we claim that
* containing the non-central F C-element α, so we have a contradiction in view of Theorem 3.4. Thus,
and
it is easy to see that R is a ring and also, it is a finite-dimensional right vector space over its division subring H. This fact implies that R is a division subring of D containing F (M ). Therefore R = D and [D : H] < ∞. By using Double Centralizer theorem [15, 15.4 
Since M normalizes K * , for all a ∈ M the mapping θ a : K → K given by θ a (x) = axa −1 is an automorphism of K/F . Now, consider the mapping ψ : M → Gal(K/F ) given by ψ(a) = θ a . Clearly, ψ is a group homomorphism with kerψ = C M (K
we obtain C D (M ) = F and it follows that the fixed field of ψ(M ) is F . By Galois correspondence, we conclude that ψ is a surjective homomorphism and K/F is a Galois extension.
Thus, L and E = C D (L) are normalized by M and clearly, E = D and E ⊆ F . Therefore, by
is simple, and the proof of (iii) is complete.
If
y i K is a division ring. Clearly, Q contains both F and M , so in view of (i), we have Q = D. It is easy to see that
To prove (ii), first we claim that
Hence, C is an abelian subnormal subgroup of H * , and by Lemma 3.1,
To prove K * ∩ G is the Fitting subgroup of M , it suffices to show that K * ∩ G is a maximal nilpotent normal subgroup of M . Now, assume that A is a nilpotent normal subgroup of M which strictly contains K * ∩ G. Then, B = H * ∩ G ∩ A is a nilpotent subnormal subgroup of H * . Hence, by Lemma 3.1, we conclude that B ⊆ Z(H) = K and consequently, 
follows. Thus, the proof of the theorem is now complete.
From Theorem 3.5 we get the following corollary which is more convenient for further applications. 
Proof. Denote by A a maximal abelian normal subgroup of M containing M ′ (we note that such a subgroup exists since M ′ is abelian). Consider an arbitrary subgroup N of M which properly contains A. Since M ′ ≤ N , N M ; so the maximality of M in G implies that either G normalizes
If the second case occurs, then N F (N ) * ∩ G, so N is a metabelian subnormal subgroup of F (N ) * . By Lemma 3.1, N is abelian, which contradicts to the maximality of A. Hence, G normalizes F (N ) * and by Stuth's theorem we conclude that F (N ) = D. Now let a be an element from M \ A and assume that a is transcendental over F (A). Put T = F (A) * a 2 ; since a normalizes F (A) * , it is not hard to see that 
where p is a prime number and so [D :
On the other hand, we note
Thus, x p ∈ F . Now, by Corollary 2.5, for any y ∈ K Proof. Assume that M is non-abelian. Then, there exists an element x ∈ Z 2 (M ) \ Z(M ). By considering the homomorphism f : M → Z(M ) given by f (y) = xyx
is an abelian group, so
, then, by Stuth's theorem, we have Proof. Suppose M ′ is non-abelian, so we need only to consider the case CharD=0. First, we claim that there exists a torsion abelian normal subgroup of M which is not contained in 
′ and hence, A/A∩F * has bounded exponent, so is A. Since A can be considered as the multiplicative subgroup of a field, we conclude that A is finite, so is M ′ . Hence, M is an F C-group and so it is abelian by Theorem 3.5, a contradiction. Therefore, there exists a torsion abelian normal subgroup of M which is not contained in Z(M ). Now, by Corollary 3.6, there exists a field K such that K and
H is a non-abelian finite simple group. Let {x 1 , . . . , x m } be a transversal of N in M ′ and S = x 1 , . . . , x m a finite subgroup of M ′ . Since S has a quotient group which is a finite simple non-abelian group, S is unsolvable. The classification theorem of finite groups in division ring [24, 2.1.4, p. 46] states that the only unsolvable finite subgroup of a division ring is SL(2, 5), so M ′ = S ∼ = SL(2, 5) is a finite group. Thus, M is an F C-group and so it is abelian by Theorem 3.5, a contradiction. Therefore, M ′ is abelian and it can be considered as a torsion multiplicative subgroup of a field. Hence M ′ is locally cyclic and Theorem 3.7 completes the proof.
The existence of noncyclic free subgroups
The question on the existence of noncyclic free subgroups in the multiplicative group of a division ring was posed by Lichtman in [16] . In [5] , Goncalves proved that if D is centrally finite division ring (i.e. D is finite dimensional vector space over its center F ), then D * contains a noncyclic free group. Later, in [7] , Goncalves and Mandel posed the more general question: is it true that every subnormal subgroup of the multiplicative group of a division ring contains a noncyclic free subgroup? In this work, the authors show that this is true in some particular cases. More exactly, they proved that a subnormal subgroup G of D * contains a noncyclic free subgroup if G contains some element x ∈ D \ F , which is algebraic over the center F of D such that either (a) Gal(F (x)/F ) = 1 or (b) x p ∈ F , where p = 2 or p = char(F ) > 0. The affirmative answer was also obtained for centrally finite division rings by Goncalves in his precedent work [6] . Note that the affirmative answer to the question above would imply some known theorems like the commutativity theorems of Kaplansky, Jacobson, Hua, Herstein, Stuth,... For more information we refer to [11] . In this section we shall prove that the question above has the affirmative answer for locally finite division rings. Recall that a division ring D with the center F is locally finite if for every finite subset S of D, the division subring F (S) is finite dimensional vector space over F . It can be prove that in a locally finite division ring every finite subset generates the centrally finite division subring. From this observation, the following definition seems to be quite natural: a division ring D is called weakly locally finite if for every finite subset S of D, the division subring of D generated by S is centrally finite. This notion is introduced firstly in [9] . Clearly, every locally finite is weakly locally finite. The converse is not true. In [9] , using the well-known method due to Mal'cev and von Neumann, the authors constructed the example of weakly locally finite division ring which is not even algebraic. In the next two lemmas we prove some facts for weakly locally finite division rings. Proof. Take an arbitrary finite subset S of G, and let K be a division subring of D generated by S. Then, K is centrally finite , so we have m = [K : Z(K)] < ∞. Therefore, the subgroup < S > generated by S in G can be considered as a subgroup of GL m (Z(K)). By [25, Theorem 1] , there exists a solvable subgroup H of < S > of finite index. If N = H G , then N is a solvable normal subgroup of finite index in < S >. Hence, G is locally solvable-by-finite. Proof. Firstly, we claim that G is locally solvable-by-locally finite. If char(D) = 0, then this claim follows from Lemma 4.1. Assume that char(D) = p > 0. Then, by the same argument as in the proof of Lemma 4.1, for any finite subset S of G, the subgroup < S > generated by S can be viewed as a linear group over the field of characteristic p > 0. By [25, Theorem 2] , < S > contains a solvable normal subgroup H such that < S > /H is locally finite. Hence, G is locally solvable-by-locally finite. Now, by [24, 3.3.9, p. 103] , G is (locally solvable) -by-(locally finite). Proof. Assume that G does not contain any noncyclic free subgroups. By Lemma 4.2, G is (locally solvable)-by-(locally finite). The Wehrfritz's theorem [24, 5.5.1, p. 199] implies that there exists an abelian normal subgroup A of G such that G/A is locally finite. Therefore, G is abelian-by-locally finite.
From Lemma 3.1 and Lemma 4.3 we get the following result, which shows that Conjecture 2 in [7] is true for locally finite division rings. The next theorem can be considered as a broad generalization of the main theorem in [21] . x be an element of K * . Since K is algebraic over F and K * ⊳ M , x M ⊆ K and the elements of The proof of the following corollary is similar as the proof of Corollary 3.6. 
Proof. First, we claim that if x ∈ M and g(t)
Take r n = x m with m ∈ M , we have
On the other hand, [m
Next, by the same argument as in the proof of Theorem 2.2 and what we proved, if x ∈ M is algebraic over F with minimal polynomial f (t) of degree n, then there exists x 1 , . . . ,
Also by the same argument as in the proof of Corollary 2.4, we have x n ∈ M ′ F * . Thus, if x, y ∈ M are algebraic over F , then xM ′ F * and yM ′ F * are two elements of M/M ′ F * of finite order and so xyM ′ F * is of finite order. Since M ′ is algebraic over F , so is xy. If x, y ∈ M are algebraic over * is a finite simple group, we have M/K * ∼ = Z p , where p is a prime number. Thus, M ′ ≤ K * and M is metabelian. Now, the proof is complete by applying of Theorems 3.7 and 5.1.
In [8, Theorem 3.2] , it was proved that, if D is a non-commutative division ring, algebraic over its center, then any locally nilpotent maximal subgroup of D * is the multiplicative group of some maximal subfield of D. Here, we are now ready to generalize this result by the following theorem. Proof. If M is non-abelian. Using Theorem 5.4, we conclude that the Hirsch-Plotkin radical of M is a properly subgroup of M , this contradicts to the fact that M is locally nilpotent. Thus M is abelian. The last conclusion is evident.
